COMPOSITION OPERATORS BETWEEN ANALYTIC 
CAMPANATO SPACES 



JIE XIAO AND WEN XU 

Abstract. This note characterizes both boundedness and compactness 
of a composition operator between any two analytic Campanato spaces 
on the unit complex disk. 



1. Introduction 

On the basis of the works: ESl, 0, iHH, d, HI, ESl, 113, [ffll, 
M\M, ttH, 0, [|20l|2ll|2l, [mill and we consider an unsolved 
fundamental problem in the function-theoretic operator theory, i.e., the so- 
called composition operator question for the analytic Campanato spaces: 

Question 1. Let (p be an analytic self-map ofB> and -oo < p,q < oo. What 
finite (resp. vanishing) property must (p have in order that Cij, is bounded 
(resp. compact) between CJip andCJl^j ? 

In the above and below, D and T respectively represent the unit disk and 
the unit circle in the finite complex plane C, C^f = / o ^ is the composition 
of an analytic function / on D with 0, and for p e (-oo, oo), and CJlp 
denotes the so-called Campanato space of all analytic functions / : D — > C 
with radial boundary values / on T satisfying 

\\f\\c^„ = sup J\i\-p f \m - fim\ < oo 

/CT y Jl 

where the supremum is taken over all sub-arcs / c T with |/| being their 
arc-lengths, and 

\d^\ = \de''\ = de; f, = \i\-' J^mm. 

Neededless to say, || ■ \\cm,, cannot distinguish between any two CJlp func- 
tions differing by a constant, but |/(0)| -I- 1| • defines a norm so that CJlp 
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is a Banach space. Here, it is perhaps appropriate to mention the following 
table which helps us get a better understanding of the structure of C^p (see, 
e.g. a pp. 67-75] and ^ p. 52]): 



Index p 


Analytic Campanato Space C^p 


p e (-00,0] 


Analytic Hardy space "H^ 


P e (0, 1) 


Holomorphic Morrey space ^H^'^ 


p = l 


Analytic John-Nirenberg space SMOJl 




Analytic Lipschitz space Jlp-i 


P e (3, oo) 


Complex constant space C 



An answer to the boundedness part of Question [T] is the following result. 

Theorem 1. Let (p be an analytic self-map ofD and (p, q) e [0, 2) x [0, 2). 
Then Cip : C^p i— > C^q is bounded if and only if 



(1) 

where 



sup ■ 



(1 - \avy-i 
7eD (1 - imi^y-p 

b-z 



o o cr« 1 12 < oo, 



o-h{z) = 



& 



I/(^)PI^^I. 



\-bz 

It should be pointed out that ([I]) is not always true - in fact, we have 
the following consequence whose (i) with p = q e {0,1} and (ii) are well- 
known; see e.g. [i9l[l2l[Il[Il[l5l|20l|. 

Corollary 1. Let be an analytic self-map ofB>. For f e 'H^ and p 6 [0, 2) 

set 

ll/IK,* = sup(l - lah^ll/ o cr„ - f{a)h. 
(i)Ifp e [0, 1] then : C^p i-> CJip is always bounded with 



1 + I0(O)I\~ 



(2) ii^^^ii^^'--\T3^; 

(ii) If p e {1,2) then : C^p ^ CJlp is bounded when and only when 



(3) 



sup 



1 - la 



|2 \ — 



'>'ia)\ < 



flsD \1 - |0(6()P/ 

Below is a partial answer to the compactness part of Question [T] 

Theorem 2. Let (f> be an analytic self -map ofD and (p,q) e [0, 2) x [0, 2). 
IfC(p : C^p i-> CJlq is compact then ([7]) holds and 



(4) 



(1 - |a|2)i-« 2 
imi^i (1 - \^(,a)\^y-p ' ^ 
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Conversely, «/(IZ]) holds and (El) is valid for (;?, ^) e [0, 2) x [1, 1] U (1, 2) x 
[0, 2) then : CJlp i-> CJlg is compact. 

Theorem |2] covers the corresponding BMO^-vcmXis in [fT5l [T91 [HI. but 
also it derives the following assertion extending the known one in lfT2l [TOl 
1201. 

Corollary 2. Let (p be an analytic self-map of D and p e [0, 2). If Cip : 
CJ?lp 1-^ C^p is compact then (13) holds and 

2 — 

(5) lim ^ ) ' \cp\a)\ = 0. 

Conversely, if^ holds and (|5]) is valid for p e (1,2) then C^ : CJ?lp C^p 
is compact. 

Conjecture 1. The converse part of Theorem |2] still holds for (p,q) e 
[0, 2) X [0, 2) \ ([0, 2) X [1, 1] U (1, 2) X [0, 2)). 

Notation: From now on, X < Y, X > Y, and X x Y represent that there 
exists a constant k > such that X < kY, X > kY, and k~^Y < X < kY, 
respectively. In addition, dm stands for two dimensional Lebesgue measure. 

2. BOUNDEDNESS 

In order to prove Theorem [Hand Corollary [H we need two lemmas. 
Lemma 1. Let p e [0, 2) and f e IH^. Then f e C^p if and only if 

WfWcM,,* < oo. 

Proof. Case 1: p = 0. This is trivial. 

Case 2: p e (0, 1]. This situation can be verified by |[22l Theorem 3.2.1] 
and the well-known Hardy-Littlewood identity for / e Ti^: 

(6) TT-i r \f'(z)\\-ln\z\')dm(z) = i2nr' [ - /(0)nj^|. 

Jd Jt 

Case 3: p e (1,2). Let g = f o cr^, - f(a). Then 

(7) (1 - |ap)|/'(a)| = |^'(0)| < {2nr"%\\2 = {2nr"^f o cr, - f(a)h. 
If f e CJlp then an application of ([7]) yields 

(8) sup(l-|ap)^|/'(a)|<oo 



and consequently, / 6 j5^£-i , as desired. Conversely, if / e Jlp-i then 

2 2 
« l/(^l)-/(^2)l , 

A = sup ^-^ — < oo. 
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This, along with p e (1,2) and [|23l p. 63, Ex. 8], gives 



< 



sup(l - laiy-P f \f o - fiat 

aeB Jt 

.2 r(l-|a|2)2-/' 



□ 

Lemma 2. For p e [0,2) to Mz) = (1 - - fe). Then h is 

uniformly bounded in CJip, i.e., sup^gj^ < oo- 

Proo/ Using LIL Lemma 2.5], we get the following estimate: 
B 

\f;,{z)?{l-\(Ta{z)?)dm{z) 



J 

Jd 



= {\b\{l-\b\^)^f(l-\af) f —^-j^L^dmiz) 



|l-az|2|l-fc|4 



^ (\b\(l - m^fil - lap) 



Choosing a = (Th{c), we utilize 1 - |z| < - In |z| to obtain that if p e [0, 2) 
then 

< sup(l - |ap)^"^B 

(1 - |a|2)2-P(l - |Z7|2)/' 
~ sup —2 

1 - C ^ 



ceD \|1 - OC|/ 

<2^ 

as desired. □ 

Proof of Theorem\l\ Using [jH Proposition 2.3], we have that if g{Qi) = = 
i/^(0), g e "K^, and i/^ is an analytic self-map of D, then 

(9) 11^ o < \\ghm\2- 
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Setting 

ga= f° O-^ia) - f° (p{a) & = Cr0(fl) ° (p ° (Ta, 



we get 

As a consequence of Lemma[I]and dH), we find that if ([T]) is valid then 
= sup(l - |ap)^-^^||/ o o cr, - / o cp{a)\\l 

aeD (1 - \(t>{a)\^y P 



and consequently, exists as a bounded operator from CJlp into CJ?l^. 

For the "only-if ' part, recall the so-called Navanlinna counting function 
of 0: 

N{(p,w)= Inlzr^ V weD\{0(O)} 

z: (p(z)=w 

and the associated change of variable formula: 

(10) r \(C^fnzfln\z\-'dm(z)= f \f'{wfN{iP,w)dm{w)^/fe^\ 
Jd Jd 

A combination of (flOl) and ([61) gives that if = 0(a) then 

(11) llfTfoO^ocrJI^ = 4 I N{crbO(po(Ta,z)dm{z). 

Jd 

Now, if Q : CJ?lp i-> CJ?1^ is bounded, then the test function ft in Lemma[2] 
is used to imply 

C = supd - laiy-" [ lift o o cr„)'(z)p In \z\'' dm{z) < oo. 
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and consequently, 
C 

> sup(l - \a\^)'~"\b\\\ - r \(T',{zfN{(P o (Ta,z)dm{z) 

Jd 



I Ni(r^(a)0^oo-a,z)dm(z) 
Jd 



aMD 

^ (1 - \a\^y-'^\m\ 

-^'"J (1 - |0(a)P)i-/' 

as |0(a)| > 5 G (0, 1). Note also that the identity map f{z) = z is an element 
of C^p. Thus, boundedness of : CJip i-> CJlq ensures ||0||cj?(,,* < oo, 
and consequently, if \(f)(a)\ < < 1 then 

(1 - 



sup 



aeB (1 - \(f>(a)?y-" 

< (1 +(1 - 5r-^)sup(l - laiy-" [ 

aeVi Jt 



(f>{a) - o cr„(^) 



1 - o cr«(f ) 



< 



(1 - sf 

1 +(1 -5^-1 



V (1 - 5)2 

The above estimates imply ([H). 



2 



□ 



Proof of CorollaryU} (i) Under p e [0, 1], we use the Schwarz lemma for 
o"0(O)O0 to deduce that (1) holds for p = ^ e [0, 1], and so that is bounded 
on CJlp due to TheoremfT] To reach Q, let us begin with the case 0(0) = 0. 
According to the setting in the argument for Theorem [H the well-known 
Littlewood subordination principle and Schwarz's lemma for 0, we have 



IIC^/II 



= SUp(\-\a\y-P\\gaOi/far2 

cieB 

< sup(l - \a\y-P\\ga\\l 



< 



< 



c^,„* sup 



aeD 



1 



1 - \((>{a) 



i-p 



2 

c:np,*- 
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Next, for the general case let 





0-0(0) o 


A = 


ab-1 . 


b = 


0(0); 


c = 


(Taib). 



Then i/r(0) = and thus 



W^a-hfWc^p,* 

= supa-\ah'-^f(Acr,)-f(Ac)\\l 

,|2\1-P 



2 



Sll/llcj.„.^l_|j| 

Using the previous estimates, we get 

ti2 II r „ .,,||2 ^ II r ||2 



\ + \b\ 



l-p 



WC.m^,,,. = 11/ o cr, o ^11^^^^^ < 11/ o cr.ll^^^^^, < 11/11^^,^^, 

whence reaching 

(ii) Suppose p e (1, 2). Then (|7]) yields 

1-laP \'-" 2 / V"^| ,i2 



so, if is bounded on CJ?lp then ([T]) holds with p = q due to Theorem [U 
and hence (O holds. Conversely, if (O is true, then is bounded on J^lp^ 
(cf. \Qj Theorem A]) and hence bounded on C^p. □ 

3. Compactness 

The arguments for Theorem [2] and Corollary [2] depend on the two basic 
facts below. 

Lemma 3. Let p e (0, 2) and f e CJlp with /(O) = 0. Then 
Jt 



A,,,,^]uj^\Ujf\\lforpe[l,2y, 



p 

2 



, tH<L{{^ 6 T : 1/(^)1 > t})dt for p e (0, 1], 



where H^{E) = inf^cu, Z; p-dimensional Hausdorjf capacity ofE c 
T - the infimum is taken over all arc coverings Ujlj D E. 
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Proof. Let rfyu = |/'(z)P(l - \z\^)dm{z). From / e C^p it follows that is a 
/>-Carleson measure on D - in other words - 

INICM, = sup |/r'X^(/))< 11/11^ 

/CT 

where 5(7) = {z = re'^ e D : 1 - \I\/{2n) < r < I & \e - Oil < |/|/2} is 
the Carleson box based on the arc / c T taking 9[ as its center. In fact, if 
a = (1 - |/|/(2;r))e'^^'^'^'^'*^ then a simple computation, along with ^ and 
- In |z| « 1 - |zp as |z| > as well as LemmafU gives 

i/rv(5(/)) 

< (1 - laiy-P [ \f'iz)\\l - \(ra(zt)dm(z) 
Jsu) 

<(l-N')'"l/0Cr.-/(fl)ll2 

^ ll/llc^,.- 

In particular, when p 6 (1,2), /j. is also 1-Carleson measure with ||/i||cMi ^ 
lljullcM,,. According to |l22l p. 79, Theorem 4.1.4], we have 

r,.,2 . ^11 „ / II/II2 forpe[l,2); 
Jb ^ '"'""^^ I Jo" tHUi^ e T : 1/(^)1 > t])dt for e (0, 1]. 

This last estimate, along with the following Hardy-Stein identity based es- 
timate (cf. t22i p. 36]) 



/ 

Jt 



\mfm 



T 



\f{zr\f(znin\zndm(z) 
^ I \f(zf\f'(zt(l-\z\^)dm(z) 
Ifl'dfi, 

implies the desired estimate. □ 



Jd 



Lemma 4. Let (p, q) e [0, 2) x [1, 1]. If an analytic self-map (p o/D satisfies 
0, ^/^en one has 

li"^ ^"P //^TJr'Xi'j ^^ ^ T : o o cTaia > ?}| = V 5 G (0, 1). 

Proof Note that 

10 o cr^l ^ 1 <=^ |cr^(a) o o o-al ^ 1 under |0(a)| < s. 
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So, it suffices to show that (01) implies 

(12) lim sup -iid^^K^ e T : |0 o aa{^)\ > r}| = V 5 e (0, 1). 

Following H, for re'^ e D let 

J{re'^) = {e" : \t - e\ < n(l - r)}. 

Clearly, J(re'^) is the sub-arc of T centered at e'^. Importantly, flU Lemma 
3] tells us that for any measurable set £ c T with 1 -dimensional Lebesgue 
measure l^l > there exists a measurable set F c £ such that |F| > and 

(13) ^^^^|^>(2V|£| V re[0,l)&^eF. 

Suppose now dH) is valid but (fT2)) is not true. On the one hand, we have 
that for any e > there is an e (0, 1) such that 

(1 - 1^ o crfo(a)P)i P{1 - \ab{a)\^Y ^ 

Here we have used the pseudo-hyperbolic distance p{z,w) = \cr^^,{z)\ be- 
tween z, w e D and the following basic estimate 

\Pa{^) = K(^)| > 2-'7:\m\-' V ^ 6 7(a). 

On the other hand, we can select two constants sq e (0, 1) and 60 > 
points bj e D, and numbers tj e (0, 1) with limy^co tj = 1 such that for any 
j = 1,2, ... one has \^(bj)\ < Sq and 

Ej = eT : 0/^) = o cr/,^(^) exists as radial limit and |0/^)| > tj} 

obeys 

This (fTSl) . plus the above-stated lemma on (fT3l) . ensures that one can choose 
sets Fj c Ej such that \Fj\ > and 

(l-\bfy-'' \\J(rOnEj\ 



a-mj)\^y-p) \j(ra 
(16) > ' ' \LJ y^) 



(l-\4>(bj)\^y'P)^2''n^ 
> 2^^ 60 V r e [0, 1) & ^ e Fj. 
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If 6 = 2~^eo in (O, then one can take such s that 5o < < 1 and (O is 
true for \(p o cr^(a)| > s. Assuming tj > s and recalling that the definition of 
Ej ensures 

10 o o-bj(r^)\ — > 10 o (Tbji^)] > tj as r ^ 1 for each ^ e Ej. 

Of course, this last property is valid for arbitrarily chosen point G Fj. 
Note that \(p o (Thj(0)\ = \(f>(bj)\ < sq. Thus, by continuity of |0 o cr^.l there 
exists an rj e (0, 1) such that |0 o crbj(rj^j)\ = s. If aj = rj^j then 

p(0 o o-hji^), (f) o o-bjiaj)) > p(tj, 5) V ^ 6 Ej, 

and hence (fT6l) and ^ = 1 are applied to deduce 

(1 - |(r,/a,)|2)i-'? r \d^\ 



Jj(aj) W 



{l-\bj?y-'' \(\J{aj)nEj\\( 1-|0(M' 



> 



(1 - |0(Z7y)P)l-P/ \ |7(ay)| A 1 - 10 ° (^bMj'>\ 



pitj, sf 



^2 eo 3— p(0,^) 



\ (1-52)1-/^ 

Since limy_^oo p(?y, s) = 1, it follows from (fT?l) that 




(1 - Icr./g.Op)!-'^ r fp(0o(r„/a0°(^«,(^y))'^ 



= lim 



{2nr'\J{aj)\ 



/ min{l,(l-5^y-n \ 

(i-.2y- )' 

a contradiction. In other words, (fT2l) must be true under dH) being valid. □ 

Proof of Theorem^ Suppose that : C^p i-> CJ?l^ is compact. Of course, 
this operator is bounded, and thus ([U) holds. Choosing b = 0(a), we see that 
fh defined in Lemma[T]tends to uniformly on compact subsets of D when- 
ever 1^1 ^ 1. Thus, lim|fo|^i llC^/z^Hcyip,* = 0. As an immediate by-product 
of the C-part in the proof of Theorem [H we have 

, (1 - \a\^y-m^ 2 

= Hm WC^ftWc^^,, > Hm ^^^||cr, o o cr^h, 

whence deriving dH). 

Next, we deal with the converse part of Theorem |2] according to {p, q) e 
[0, 2) X [1, 1] and {p,q)e{\,l)x [0, 2). In order to verify that Q : C^p ^ 
CJlq is a compact operator, it suffices to check that lim„^co WC^fnWc^^,* = 
holds for any sequence (/„),7=i in CJlp with ||yj,||cj?(p,* < 1 and /„ — > on 
compact subsets of D as n — > oo. 
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Situation 1 - assume that ([I]) holds and @i is valid for (p, q) e [0, 2) x 
[1,1]. Upon writing 

\\C,l>fn\\lM„,* ^ sup J{n,a,q)+ sup Jin,a,q), 



l^(fl)l>.v 



where 



< 5 < 1 & T(n, a, q) = (l- \a\^y-'\\fn o (f> o cr, - f„ o cp(a) 



we have to control sup|^(^,)|>^^ T(n, a, q) and sup|^(^)|<^. T(n, a, q) from above. 
To do so, set 

'fn,a = fn°(p°Cra- fn{<P{a))\ 
gn,a = fn° Cr<l,(a) - fn{(p{a)); 

E((f>, a,t) = {^eT: o o > t}. 

Using (|9l) we obtain 

sup T(n,a,q) 

|0(fl)|>S 

^ sup (1 - \a\y'''\\f,J\l 

\<l>Ui)\>s 

< sup (1 - \a\y'''\\g„jim\i 

\<f>(a)\>s 

w«)i>. (1 - I0(«)r)^ ^ 



whence getting by dH) 



(17) 

Meanwhile, 
where 



lim sup T{n,a,q) = V n = l,2, 3, ... 

1,^(a)|>i 



sup T(n, a, ^)< sup Ti(n,a,q)+ sup T2(n,a,q), 

|0(a)|<i |,^(a)|<i' |,^(fl)|<i 



Applying Schwarz's lemma to g„ a or using (6l (3.19)] we get 



sup |Z| \g„,a(.Z)\ < 2 sup \gn,a(w) 

\z\<t \w\<t 
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thereby deriving 



sup Ti{n,a,q) 

|,^(fl)|<.V 



Jt 



\,p(a)\<s \w\<t 

< (1 + (1 - sy-') sup sup " '"'''^^ ' "2 

\w\<t 



l^(„)l<,(l-|0(a)P)i-/^"'^''''2 



as n 



oo. 



in which |(^(a)| < 5 and \w\ < t have been used. Also, a combination of ©, 
([U) and ^ = 1 gives that if 



'i = (a^- 1)/(1 -ba)\ 

T = (pO (Ta\ 

c = (Thia); 



then 



SVipil-\b\y-^f,OTO(r,-f„OT(b)\\ 



< sup(l - \b\y-'i\\f„ o - /„ o T{b)\\l\\o-r(b) ° r o cr^H 

heD 

(1 - 

(1 - lAci^y-" 



< 



< 



< 



(1 - l0(ic)P) 

(1 - |cp)i-« 



sup 



ceD (1 - |0(C)P)1-P 
< OO, 



cll2 
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and hence from the Cauchy-Schwarz inequality, Lemmas [3l|4] and ^ = 1 it 
follows that 



sup T2(n,a,q) 

|^(a)|<.v 



sup (1 - laiy-'' I [ IfnAa' \d^\\' \E{cp, a, 

H«)l<i \JE(<l,,a,t) I 

Wa)|<A(l - \<P{a)\ y Jt 
<(l+(l-^^)^"'0' sup 



(1 - lap)^-'? 



(1 - \m?y-' 



\E{(P,a,t)\ 



\\fn,a\\'^\fn,a\\cy{„,* ^ 



\E{(t),a,t)\ 



(l-|0(a)P)'-P 



< 



SUPceD (l-|,^'((!)p)i-pll'Afll2'* 



(1 + (1 - 52)1-P)- 

as t ^ I. 



(1 - \a\^y-' 



\E{(P,a,t)\ 



|£(0,a,OI 



Consequently, 
(18) 



lim sup T(n, a, q) = 0. 

"^"^ I0(«)l<.v 



Putting (fTTl) and (fTSl) together, we reach lim„^co llC^/nllc:?!,,* = 0. 

Situation 2 - assume that ([T]) holds and dH) is valid for {p,q) e (1,2) x 
[0, 2). Rewriting 

< sup(l - lap)^-'^ r \f;^(wfN((f>ocr,,w)dm(w) 

aeB Jd 

< sup U(n, a, ^, r) + sup V(n, a, q, r), 

where 2~' < r < 1 and 

I U(n, a, ^, r) = (1 - lap)!""? X.^^^^^^^,,^ l/„'(w)pA^(0 o (r„ w) Jm(w); 
|v(n, a, ^, r) = (1 - lap)!"^ t,,^,(,)|>, \f,>)fN(cf> o cr,, w) dm(w), 

we have to control sup^gjo U(n, a, q, r) and sup^gjj V(n, a, ^, r) for an appro- 
priate r 6 [2 \ 1). In the sequel, let b = (f>(a). 

Sub-situation 1 - estimate for sup^gjj \J{n,a,q,r). For this, we consider 
two cases for any given 6 (0, 1). 
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Case li: \b\< s. Under this case, |crfo(w)| < r ensures that w belongs to a 
compact subset K of D, and therefore, it follows from /„ ^ on any com- 
pact subset of D and (fTTI) that lim„_joo sup^^^^ = and consequently, 

lim sup(l - \a\^f~'' \ o (r„, w) dm{w) 

\b\<s J\cTt{w)\<r 

= lim sup ' (1 - r \fniwfN{<p o a a, w) dm(w) 

<(limsup|/„'(w)P)sup- — I o (r„, w) Jm(w) 

^ ».e/f ^ |fo|<. (1 - Wr P J\a-t,{w)\<r 

< ( lim sup sup - — I N{abO(pocra,z)dm{z) 



(1 


- \a\^y-" 


(1 


- \b\^y-p 


(1 


- |a|2)i-'? 


(1 


- \b\^y-p 


(1 


- \a\^y-" 


(1 


- \b\^y-p 



< ( lim sup |/„(w)| sup - — 12,, J lo-fc o o 0-JI2 

^ H-e^: ' \h\<s 

= 0. 

Ca^e I2: 1^1 > ^. Using ([8]) we get 
supd - lap)!-'' r |/»pM0o(r„,w)Jm(w) 

Jlo- 



>.v ^k|<r (1 - \zVr 



< sup(l - |a|^)^-^ r (1 - |(r,(z)|^r-'A^(cr, o o (r„z) 
-'kl<'- 

(1 - \a?y'" r ^ , dm(z) 

Ifcl>.v (1 - IbVy P Jk\<r (1 - \zn 



^0 as 5 — > 1. 

Putting the above two cases together, we see that for any 6 e (0, 1) there 
are two real numbers: ro e [2~\ 1); e (0, 1), and a natural number no 
such that n > riQ 

(19) sup U(n, a, q, vq) < sup U(n, a, (7, ro) + sup U(n, a, (7, ro) < e. 

fl€D |fo|<.vo \b\>S(, 

Sub-situation 2 - estimate for sup^^^\/(n,a,q,r). Like Sub-situation 1, 
two treatments are required. 
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Case 2\: \b\ < s. For this case, we need the following by-product of [fTSl 
Lemma 2. 1]: if i/r is an analytic self-map of D with i/r(0) = then 



(20) W= sup IwpA^CiA, w) < CO ^ sup ^(^' ^) <4(ln2)'^W. 

o<M<i 2-'<|Hi<i 



Note that ([T]) and dH) imply respectively 



(1 - |ap)^"^ 

(21) sup — sup \w\^N{(Th ° (p° CTa, w) < OO 



aeH (1 - \b\^y-P 0<|v.<l 



and 



(1 - |ap)'~^ 

(22) lim - — sup \w\^N{o-b o o cr^, w) = 

\bHl (1 - P o<|w<l 



thanks to the following (fTOl)-based mean value estimate for N{a„ o o-/, o ^ o 
cr,„0) where < |w| < 1 (cf. M (2.9)]): 



\w\^N{crb OCpOCTa, w) 

= \W\^N{(T^^, O CT/, O O (Ta, 0) 

^ I Nicr^ o (TbO (j) o (Ta, z) dm{z) 

J\7\<\W\ 

< I N{ab o o cTfl, cr„.(z)) dm{z) 
Jo 

« I K(z)pA^((rfoO0o(r^,2)jOT(z) 
Jd 

« ||cr„, o (Tb o (p o CTa - cr„ o (Tb o (p o cr^(0)||2 

< \\(Tb 0(f)0 O-aWj. 
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Thus, a combination of (|20l) - (|2T|) - (|22)) and Holder's inequality gives 
supd - r |/„'(w)pA^(0 o aa, w) dm{w) 

\h\<s J\(ri,{w)\>r 

« supd - r |/„'(w)pA^((r, o o cr,(w)) dm{w) 

\b\<s J\<TH{w)\>r 



\b\<'< J\crt(w)\>r 

< supd - 1^1')'"" r \awfN{cTt„ w) dm(w) 

\b\<s J\a-i,iw)\>r 



< (l + (1 - sy-P) f \f:{w)\^N{(Tt,w)dm(w) 

J\<Th{w)\>r 

< (i + (1 - sy^") [ i(/„ o (T,nz)\\i - \zhdmiz) 

J\z\>r 

\(fnOcrtnz)\\l-\z\y'''dm(z) 



<(l+(l _/)!-/') 



\l/2 



Since ||/„||c:?(p,* ^ 1 and \b\ < s < I ensure \\f„ o cThWcjip,* ^ 1, one concludes 
that |(/„ ocrfo)'(z)p(l - \z\^)dm(z) is p-Carleson measure with norm relying on 
s and so that dix„{z) = |(/„ o cr/,)'(z)p(l - |zp)'*~^Jm(z) is 3-Carleson measure 
with norm relying on s. Now, it follows from [16, Theorem 1.2] that 

r |(/„ocr,)'(z)r(l-|z|Y"^Jm(z) 

J\z\>r 



Note that 



So 



\{fn ° 0-b)'{z)? d/Xniz) 

\z\>r 

<IKIIcM, r \{fnOo-tnzf(\-\zhdm{z) 
Jd 

^ ll/«llc:.„. 

< 1. 



lim r (l-|z|Y-2jm(z) = 0. 

''^1 J\z\>r 



lim sup(l - |ap)^"^ j \f,l(wtN((f> o cr„, w) dm{w) = 



\b\<s J\o-i,(w)\>r 

holds for any n = 1,2,3,. 
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Case 22. \b\ > s. Since (I22|) implies that for any e e (0, 1) there is an 
sq e (0, 1) such that 

\b\ > - — sup Iwl^NicTb o^oo-a,w) < e. 

(1 - P o<|vv|<l 

Thus, (|20l) is applied once again to deduce that 

Ni^ o o-,„ w) 

= N{(Th 0(po (Ta, (Tbiw)) 
e(l - \b\^f-P , 1 



(1 - lap)!--? 

6(1 - |Z7|2)l-'' 



(1 - |a|2)i-? 
as |crfo(w)| > r >2'^ 



Consequently, 

sup(l - lap)'--? r |/»p^(0o(r,„w)Jm(w) 

\b\>so J\a-),(w)\>r 



\b\>sa J\a-b(w)\ 



\b\>so J\o-i,iw)\>r 

^ e. 

The previous discussions on Case 2\ and Case 22 indicate 
(23) lim sup V(n, a, q, r) = 0. 

Obviously, ([I9l) and ([23]) give lim„^oo llC^/jillcyi,,* = 0- 



□ 



Proof of Corollary^ This follows from (|7]), Theorem |2] and EOl Theorem 
1.4(c)]. □ 
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